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Method for Determining Minimum-Order Mass and
Stiffness Matrices from Modal Test Data

K. F. Alvin,* L. D. Peterson,’ and K. C. Park*
University of Colorado, Boulder, Colorado 80309

A new method for determining mass and stiffness matrices from modal test data is presented. The method builds
on the identified modes and the mass-normalized mode shapes at the sensor locations and is not limited by either
the number of driving points or measurement points, and so it is applicable to most general test settings. A mixed
coordinate basis is defined for the mass and stiffness matrices which is analogous to the Craig-Bampton component
mode synthesis method for finite element models. The resultant mass and stiffness are of minimal order necessary to
span the measured modes, and the resulting generalized coordinates provide an objective basis for the test-derived
matrices to be used as if they are component mode-synthesized finite element matrices. Inclusion of rigid-bedy
modes and the relationship of the new method to traditional physical parameter computations based on mobility
curves is considered. Examples of the method as applied to numerical and experimental data are provided.

I. Introduction

HE primary objective of modal testing of structures is to vali-

date the homogeneous form of the governing linear differential
equations of motion in terms of the dominant undamped modes of
vibration.! Naturally, there is only a finite number of points on the
structure for which data can be collected, and these points are gen-
erally a small subset of the total degrees of freedom (DOF) in a
reasonably accurate finite element model of the structure. In fact,
the number of measurement points may also be less than the total
number of vibrational modes identified in the test, especially when
utilizing modern instrumentation with high sampling rates and pow-
erful, inexpensive scientific workstations for data analysis. There-
fore, if I sensors are used to identify modal data for » modes, where
n > I, there is not a unique model of the classical mass/stiffness
form with physical DOF which possesses order-n dynamics given
only [ spatial measurement points.

Much research in recent years has focused on methods for cor-
relation or reconciliation of finite element models which inherently
possess very large-order dynamics to the limited sensor and fre-
quency data obtained from modal testing.>~* The primary advan-
tage of this approach is that the measured data can be related back
to physical design parameters of the system, resulting in a model
which not only possesses the observed modal characteristics but will
predict internal stress levels and sensitivity to further design changes
as well. The drawback, however, is that these models must retain
far higher numbers of degrees of freedom than can be correlated in
test, and it is exactly the high-order localized uncorrelated behav-
ior which is influential in specific model predictions such as stress
distribution. Thus, although these models may be superior in most
ways to unverified finite element models, there can be a tendency
to trust their behavior in all cases when only their low-frequency
global characteristics have been correlated.

An alternative approach is to directly construct (i.e., calculate)
mass and stiffness from the modal parameters identified by test.
The resulting matrices will then express only the behavior measured
and not interpolate further degrees of complexity. The primary goal
of the present paper is to investigate direct solutions to the inverse
vibration problem when the number of sensors / is less than the
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number of identified modes n. We will show that mass and stiffness
matrices of dimension /, referring to the measured DOF, can be
found from the » identified modes. These matrices are effectively
reduced properties of the system, condensing n modal DOF into
! physical DOF, and the reduced matrices are directly related to
classical model reduction, namely, the so-called Guyan method.
Like the Guyan reduction technique for finite element models, a
characteristic of the present procedure is that the low-frequency
modes are more accurately preserved by the condensation of the
modal spectrum, and, in the limit as rigid-body modes are included
in the coordinate reduction, they are exactly preserved. The present
procedure can also handle cases where [ is greater than n by user
selection of master and slave degrees of freedom which are related
by multipoint constraints.

One serious drawback of reduced physical matrices is that they
condense the identified dynamics from a test into a smaller dimen-
sional space. Thus, the measured eigenvalues and eigenvectors are
not preserved by the resultant mass and stiffness matrices, and the
model defined by the reduced matrices is not equivalent to the test
in terms of the measured transfer functions. To address this issue,
we endeavor to derive mass and stiffness matrices which possess
both the physical nature of the previous reduced parameters and yet
preserve the full eigenspectrum as measured in a test. If the mass
and stiffness are determined strictly from a test, as opposed to the
common problem of large-order finite element model correlation,
then the resultant matrices will be of minimum order to express
the identified modes. In fact, these minimum-order coefficients for
the second-order structural dynamic equations will, when cast into
state space form, lead to a realization of the system transfer func-
tions fully equivalent to the system realization used to derive the
modal data.

The coordinate set chosen for the ‘derivation of minimal-order
mass and stiffness consists of the measured physical DOF aug-
mented by a set of generalized DOF which are specifically modal
coordinates of the residual dynamics. The residual dynamic matrix
is the difference between the measured (i.e., identified) eigenvalues
of the modes and the projection of the reduced stiffness through the
measured mode shapes. A singular value decomposition of the resid-
ual dynamic matrix is then used to determine the rank deficiency
of the reduced stiffness, and a minimum-order augmentation of the
mode shapes using the orthonormal vectors of the singular values is
performed to find the new minimal-order stiffness and mass matri-
ces. Finally, the augmented portions of the new stiffness and mass
matrices are diagonalized such that the augmented DOF possess the
desired modal orientation for the residual dynamics. This method
of representation is similar to the Craig-Bampton component mode
synthesis method for finite element models, which is popular among
structural dynamicists.
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The remainer of the paper is organized as follows. Section II
presents a method for determining reduced stiffness and mass ma-
trices from test-measured modal parameters and its relationship to
the Guyan reduction technique for finite element analysis. Section
IIT extends this technique by determining minimal-order stiffness
and mass matrices which fully preserve the measured eigenvalues
and eigenvectors. Section IV reviews methods for determining esti-
mates of the normal modal parameters of the structure via modern
modal testing and data reduction. Finally, Sec. V presents examples
of the present methods utilizing both simulated and experimental
data.

II. Reduced Mass and Stiffness Matrices from
Identified Modal Parameters

Recent work in the area of structural identification has included
the determination of mass and stiffness matrices directly from con-
tinuous time system realizations.> A major drawback to this ap-
proach, however, is that it requires the dimension of the physical
model to be equivalent to the number of second-order states, im-
plying that the number of independent sensors measured are equal
to the number of identified modes. A more practical approach is to
enrich the computed mass and stiffness matrices with the complete
set of measured modes, independent of the number of sensors. This
allows the resulting mass and stiffness to express contributions of
all of the modes observable from the available sensors. We begin
by developing the concept of reduced mass and stiffness matrices,
which are defined with respect to only the set (or subset) of sensor
DOR

A, Reduced-Order Mass and Stiffness Matrices

If we partition the DOF of alarge-order structural dynamics model
such as those obtained from finite element discretization into a set
m which is measured, and its complement i, we have

Mmm Mmi Qm(t) Dmm Dmi qm(t)
ML My G: (1) + DI, Di || ¢®

Kmm Kmi qm(t) . ém
L e t=15 o ®

where the submatrices M, D, and K are the structural mass, viscous
damping, and stiffness, respectively, g (¢) are physical (i.e., measur-
able) displacement DOF, f(¢) is a vector of applied forces, and B
maps the forces to their associated DOF. The generalized undamped
eigenproblem corresponding to Eq. (1) is given as

K®,=Md,Q
PIKD, = Q = diag|w},,i =1,...,n} @)

OIMD, =Lx, PDO,=E
where ®,, 2, and E are the normal mode shape, eigenvalue, and
modal damping matrices, respectively.

If we solve the static equations of Eq. (1) where no forces are
applied to the g; equations (B; f(£) = 0), we have

g =—K;'Klqn €))

and a variable reduction operator is given as

1
q= [_KEIK:,' :|qm = Qg ’ @

In component mode synthesis (CMS) theory,’ ®©, are often termed
the constraint modes, as they represent the displacement vectors
of the internal degrees of freedom g; with respect to the constraint
modes, defined as the set of orthogonal unit displacements of the
retained degrees of freedom g,,. Applying the transformation Eq.
4 to K, D, and M in Eq. (1), the so-called Guyan reduced stiffness,
damping, and mass’ are

K =®TK®. = Ky — Kni K;'KE,

) . mi (5)
D = oIDo,

M=3IM®,

The resultant model clearly no longer possesses the large-order dy-
namics of K and M, but preserves the general behavior of the larger
eigenproblem for the lowest modes and modes which are strongly
influenced by the retained degrees of freedom. In fact, this proce-
dure is exactly correct for static analysis under the aforementioned
assumptions and for dynamic analysis in which the mass associated
with the internal degrees of freedom is negligible. We further note
that the Guyan reduction concept is really the idea of applying the
static constraint modes transformation &, to reduce the mass and
damping matrices, as the concept of static condensation of the stiff-
ness was employed previously in static matrix structural analysis.

We now wish to show an alternative representation of the Guyan
reduction in terms of the normal modes Eq. (2) of the full-order
system. We begin by assuming that the measured modes from test
completely span the dynamics of Eq. (1), such that the model rep-
resentation in modal coordinates is a completely equivalent realiza-
tion. If we express the physical degrees of freedom g (¢) in terms of
the normal modal variables 7(¢), we have the transformation

o,
q(t) = ©,(1) = [ N ]n(t) ©)

where ®,,,, ; are partitions of the eigenvectors at the measured and
unmeasured (i.e. internal) degrees of freedom, respectively. Using
Eq. (2) and assuming no rigid-body modes such that € is nonsin-
gular, the inverse vibration problem can be solved as
K'!'=o,Q 07
" r )
M'=0,0,

Using the partitions of K as in Eq. (1), the inverse of K can also be
written symbolically as
. K1 KKK
K = = _ ®
_Ki;lKrEiK_l K;I(I + K;Z;iK_lei Kz;l)
where K is the Schur complement of K;; in K and is equivalent to

the statically condensed stiffness as given in Eq. (5). Furthermore,
using the partitions of ®, in Eq. (6) together with Eq. (7), we have

» [cb,,,sz—lcp,{, 4>msz-1<1>f]

9
o,Q7 10 &, Q10T ®

Thus, comparing Eqs. (8) and (9), the Guyan-reduced stiffness ma-
trix with respect to the measured test degrees of freedom is found as

g =[o,0"l]" (10)
To determine the reduced mass, a slightly different calculation is
required, as from Eq. (§) M has combinations of mass and stiffness.
We write the full-order mass M as

M=KK'MK'K
Expressing K ! in modal terms from Eq. (7)

M=Ko,Q ' (O M, ) Q' dI K
=Ko,Q20TK (11)

Then, applying the Guyan transformation to both sides, we have

M=0TMO, = dTKD,Q?d KD,
N - @ K
i m -2 T T
M=[K 0][¢i ]sz [of @] ][O] (12)
M =K®o,Q 0] K

Therefore, M as calculated in Eq. (12) possesses the qualities of the
statically condensed mass as opposed to ($,®L)™!, which gives
just the Schur complement of M;; in M. Note that when &, spans
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the modes completely (®,, nonsingular, number of sensors equal to
number of modes), Eq. (12) simplifies to

M=o;7Q0;'®,Q 20l 0 TQd:!
_1 13)
= @, 70,1 = (0,0F)

which is consistent with Eq. (7), since having a full space of sensors
implies that ¢,, = &,. Similarly, we can find the Guyan-reduced
damping matrix D as

D=Ko,Q 'EQ 0T K 14)

Thus, the reduced system matrices given by Egs. (10), (12) and
(14) are theoretically consistent with the Guyan reduction in the
limit as the full eigenspectrum of Eq. (1) is measured. Note, how-
ever, that although the finite element-based condensation requires
knowledge of the physical properties of the eliminated DOF, the
modal parameter-based condensation is a function only of the par-
tition of the mode shapes at the measured locations and, thus, can
be directly identified from the measured test data.

B. Incorporation of Rigid-Body Modes

Because the computation of the reduced stiffness Eq. (10) re-
quires Q~!, incorporation of purely rigid-body modes, for which
w,; = 0, into the reduced stiffness requires a modification to the
present procedure. Let @, and 2 be partitioned into rigid-body and
flexible modes, viz.,

@, = [P q)mf]

[0 0 (15)
10 @

where Q; is nonsingular and D, is mass normalized. Then, let us
define a new stiffness matrix K as the inverse of the structural
flexibility using only the contribution of the flexible modes, that is,

K;'=0,,9'0) (16)

Then the correct reduced stiffness can be expressed symbolically as
1 -1
_ . _ r
K =££r(1) (Kfl + ;cbmrcbmr) an
Expanding the right-hand side and simplifying, we have

_ . 1 1 .
K =K, —lim de)m,<gl - E—2¢,§,Kfq>m,

1 _ 2 -
+ (0L R @) - )OL K, s)

However, the right-hand side simplifies further by noting that
1

_ —1 1 .
I+®f K ®,) =-1—-=0f K;d,,
(6 + @, Ky ) : 2 Omr s
1, . = 2
+ (20, Ky ®n) = 19)
Therefore, substituting Eq. (19) in Eq. (18) and letting ¢ — 0, we
have
K =Ry — B;®p, (95, K;®m,)” @1 K, (20)

This result [Eq. (20)] provides an expression for incorporation of
rigid-body modes which avoids the inversion of a singular eigen-
value matrix. By inspection, Eq. (20) is equivalent to a rank reduc-
tion of K in the given rigid-body directions ®,,,. Evaluating the
rigid-body behavior, we have

o K®,,=d] K;®,,
— &7 Ry ®p, (90, Ky ®n,) L Ky (21)

=0

Thus, the rigid-body modes are exactly preserved by the reduced
stiffness K. Note that the present procedure for the inclusion of
rigid-body modes was developed directly from Eq. (10). Therefore,
like the Guyan reduction technique, the present procedure generally
preserves the lowest frequency modes and exactly preserves the
rigid-body modes. Furthermore, from Eq. (20) and the fact that K ;
is positive definite, K is positive definite in directions orthogonal
to &@,,, through K, thus ensuring that it is positive semidefinite.
Finally, following an similar approach, the reduced mass M with
rigid-body modes is given as

M = RO Q7200 K + K; @0, (O], K;®,,) 0% K, (22)

where K ; is given by Eq. (16), and K is the correct reduced stiffness
including rigid-body modes given by Eq. (20). Evaluating the rigid-
body behavior of M and noting the K ®,,, = 0 from Eq. (21), we
have

— - _ -2 —
O M@y, =0+ ®L K;®,, (O, K Pp,) OL K;Pp, o3

= L,

Thus, M as calculated from Eq. (22) is not only positive-definite
whereas K is positive semidefinite, but, in fact, correctly preserves
the mass orthonormalization of the mode shapes ®,,,. Hence, from
Egs. (20) and (22) K and M together preserve the rigid-body modes
defined by ®,,,.

It should be noted that, whereas the flexible modal properties can
be determined via modal testing, as will be reviewed in Sec. IV, the
rigid-body modes are more likely obtained via analytical synthesis.
Determination of the rigid-body mode shapes, however, require only
knowledge of the spatial locations of the modal sensors and the
overall rigid-body mass properties of the system (for the required
mass normalization of the mode shapes).

C. Relationship of Reduced Measured Stiffness to
Mobility Parameters _

Finally, the reduced stiffness K is also an expression of the
mobility curve-based stiffness parameters, the so-called system
receptance.! From Eg. (1), the frequency domain transfer function
matrix H,(w), where y(w) = H{w)u(w), is given for displacement
sensing by

Ha() = Hy(K +iwD — *M) "' B 4)

Then, assuming actuators and sensors at physical DOF g,,, the re-
ceptance is found by the asymptotic limit of H(w) as w — 0, viz.,

lir%Hd(w) = H,K'Hf =K} (25)

We note here that K is determined from the modes of the identified
model, which is generally a curve fit of much smaller dimension
than is required to match the transfer function exactly. Thus, K
expresses the receptance of the approximate model, rather than the
test-measured transfer function matrix. That is, K is the curve-fit
static asymptote, rather than the test-measured zero frequency value.
This is important because generally modal test sensors have poor
accuracy as w — 0, so the reconstruction through K can be more
reliable.

III. Minimum-Order Mass and Stiffness Matrices
from Identified Modal Parameters

As noted in the Introduction, we base our method for a minimum-
order equivalent mass and stiffness from test on the Craig-Bampton
component mode synthesis method,® which itself is related to the
statically condensed mass and stiffness of the Guyan reduction.
Thus, we will use the method of determining the Guyan reduc-
tion from measured modes as reviewed in the preceding section to
develop the equivalent minimum-order method. To begin, however,
let us review the Craig-Bampton CMS method as applied to the finite
element method. Recalling Eq. (3), in the Craig-Bampton method
we represent ¢; as

@ = —K;' K} qn + T:& (26)

mi
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where £ are the augmented generalized degrees of freedom and T
are the displacements of g; with respect to unit displacements of &.
Thus, the variable transformation is given as

7= [—K,.;IIK;,. ;g]{qg}=T[q;} @n

and applying this to K gives

R=TTKT = K 0 28)
0 T7KuT;

Thus, K is block diagonal, composed of the Guyan reduced stiffness
and a residual symmetrical stiffness matrix. Note that we have not
yet defined & as fixed interface modal coordinates of the residual
structure; the form of K is a consequence of Eq. (27), which defines
& as a subspace orthogonal to g,, through X. To uniquely define the
direction of £, it is specified that 7} are the orthonormal eigenvectors
of the generalized eigenproblem.
K,','TE = MiiTEQE

T T (29)
T, KTy = Q Ty MT =1

Using Eq. (29) to fully define T;, the Craig-Bampton stiffness and
mass matrix is given by

1€=TTKT=[K 0]

0
_ (30)
N M M,
M=T"MT=|
MT I
where
M. =M T; — KiK' My T @3

is a mass coupling between g,, and &, and M is the Guyan-reduced
mass given by Eq. (5).

Using the results from Sec. 2, we can construct K and M from
the measured modal test parameters ®,, and €2 as follows. Partition
the eigenvectors of to-be-determined matrices K and M as

K 0 ®,, A [ @,
[0 sz,es][<l>m]=M[<I>m]Q G2

normalized such that

T T K 0 Pn —
[ %][0 Q][ %] =Q (33)

Here, ®,.; are the partition of the eigenvectors of Kand M relating
the augmented variables & in Eq. (26) to the normal modal vari-
ables of the global system 5. Although &, and Qs are unknowns,
together they form a dynamic residual matrix A2, which can be
computed by the test-measured quantities @, 2, viz.,

B Qs Pres = 2 — OL (P Q7' OL)0r = AQ  (34)
where K in Eq. (33) is expressed in terms of the modal parameters
using Eq. (10) or Eq. (20), the reduced order stiffness derived in
Sec. II. Note now that AQ is a function solely of ®,, and Q, the
identified mode shapes and frequencies.

The required minimal rank augmentation of g, is determined
through the dynamic residual matrix AS2. To find the rank of Q,

and a vector basis for @, we utilize a singular vaiue decomposmon
(SVD) of AQ, viz.,

PSPT = SVD(AQ)

Examination of the singular values clearly indicates the required
dimension of the augmented coordinates &. For example, with [
independent spatial measurements, ®7 K ®,, will be typically be
of rank /, whereas Q is rank n, and <I> QyesPros s Tank (n — ).

es

Therefore, the SVD should determine (n—!) nonzero singular values
for AQ. It is possible, however, for the reduced matrix to exhibit
some rank deficiency (for example, if flexibility mode contributions
to K are rank updated to account for rigid-body modes), and so
a rigorous approach should involve fully examining the singular
values of A€ to determine the correct rank p,

AQ = PSPT = P,S,P] (35)

Having determined a basis P, for the p augmented coordinates, we
now augment ®,, by the rows of P; which span the singular values,
and solve the general inverse vibration problem:

[ e =[] ]
e )= e )

Finally, the augmented DOF are orthonormalized for consistency
with the definition of & by solving the generalized eigenproblem

(36)

KiesU = Myes US2
UTKrosU = Q¢ 37
UM U =1

and performing a final transformation on the mass and stiffness
matrices

g1 Ok o[t o]_[k o
1o UTflo ke flO U] |0 @
-t 0 M M1 0] [M M
Lo Ut M L0 UL (Mo

Thus, in a mathematical sense, R and M are an equivalent mea-
sure of the normal mode parameters as observed from the physical
DOF g,,,. Furthermore, this realization is unique from its definition in
terms of the modal parameters of the system. This implies that both
the Guyan-reduced properties and the Craig-Bampton representa-
tion are intrinsic parameters of the physical system independent of
the particular finite element representation. Note also that the def-
inition of K and M include as special cases both the modal model

[€2, 1] and the physical model [K, M] in the limits as the number
of measured DOF varies from 0 to n.

(38

IV. Extracting Modal Parameters from Test

In this section, we briefly review how the required modal parame-
ters §2 and &, (and E for damping synthesis) can be obtained from
identification of the modal test data. Generally, in modern modal
testing, frequency response functions (FRF) over the bandwidth
of interest for each input-output pairing are obtained through fast
Fourier transform methods. Modal parameters are then obtain either
by curve fitting techniques or from an equivalent system realization®
of the data in the time or frequency domain. The eigensystem real-
ization algorithm!® (ERA) and polyreference!! are two such system
realization methods in the time domain which are widely used, par-
ticularly with respect to identification of structural dynamic systems.
ERA will identify a minimum-order multiple-input discrete-time
model to minimize the error in the reconstructed impulse time re-
sponse. ERA uses numerical methods which are robust in the pres-
ence of measurement noise and can identify repeated roots using
multiple-input reference FRFs. This model is then converted to a
corresponding set of continuous time equations, viz.,

x(t) = Ax(t) + Bu(t)
(39)
y(#) = Cx(#) + Du(r)

Converting Eq. (39) into sets of decoupled first-order equations (us-
ing the eigendecomposition of A) yields the complex damped modes
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and mode shapes which characterize the identified damped struc-
tural dynamics.

Determination of the normal (i.e., undamped) modal parameters
Q and &, from Eq. (39) usually involves some ad-hoc approxima-
tion using the complex modal parameters. For example, in the case
of proportional damping, the undamped frequency w,; and modal
damping ratio ¢; corresponding to the damped mode i are given as

W} =0 + ] & = —(0i/ @) (40)

where o; and o; are the real and imaginary parts of the complex
eigenvalues of Eq. (39). For determining the normal mode shape for
mode i at sensor DOF j, we can take the magnitude of the associated
complex mode shape X;, viz.,

¢y = | Xi;1(sgny;) “41

where (sgn) = %1 is determined by examining the phase angles of
X;;. The resulting mode shapes then must be mass-normalized using
the modal participation factors of the applied forces from driving
point measurements or by using an assumed mass matrix.

Recently, a general transformation-based algorithm has been de-
veloped which consistently extracts the modal parameters of second-
order dynamics from the general state space Eqgs. (39). The common
basis-normalized structural identification (CBSI) procedure!? ob-
tains the correct normal (i.e., undamped) modal properties when the
system damping is exactly proportional and a particular approxima-
tion in the more general damping case by a similarity transformation
of the state space model to the normal modes form of the associated
second-order equations of motion. CBSI also allows the identified
mode shapes to objectively normalized in relation to the applied dy-
namic forces. For example, to determine an objective, experimental
mass normalization of the eigenvectors, one or more driving point
measurements (i.e., colocated actuator and sensor) are used. Details
can be found in Ref. 12.

V. Numerical and Experimental Test Results

A. Three-DOF Undamped Spring-Mass System

To clearly and explicitly illustrate the steps of the mass and stiff-
ness derivation methods presented in the preceding sections, the first
example involves a simple undamped 3-DOF spring-mass system as
shown in Fig. 1. This system is identified using one sensor at DOF
g» from which all three modes are observable. The collocated input
u serves as the modal applied force which enables the identified
mode shapes to be experimentally mass normalized. The undamped
equations of motion are given as

di 4 -2 0 q 0
7 -2 4 -2 =
@t % @2)
43 0 -2 22 ] {g
y=q

The identified normal mode parameters of Eq; (42) are then given as

@, =10.7226 0.6824 —0.1104]

1.8980 0 0 é3)
Q= 0 5.8798 0
0 0 22.222

Thus, the reduced properties K and M from Egs. (10) and (12) are
found to be

K =2.8182 M =1.2583 (44)

which are the correct Guyan-reduced stiffness and mass as given by
Eq. (5). Note also that the Schur complement of M given by

(@, 7)™ = 1.0000

is an incorrect expression for the Guyan-reduced mass as was shown
analytically in Sec. IL.

Fig.1 Spring-mass example model.

To determine the 3-DOF minimum-order stiffness and mass, K
and M, respectively, we use the reduced stiffness K. Applying
Eq. (34), we have :

04266 —13896 0.2248
AQ=| —13896 45674 02123 5)
02248 02123 22.188

Then the SVD of AQ is found to be
0.0096 —0.2917 —-0.9565

P=|00113 09565 -0.2916
0.9999 -0.0080  0.0125
22,192 0 0 “6)
§= 0 4.989 0
0 0  0.0000

which possesses the correct rank requirement for the minimal-order
augmentation. Finally, applying Eqgs. (36-38), the minimum-order
properties are determined, viz.,

28182 0 0
K= 0 4.0000 0

0 0  22.0000

1.2583 —0.5000 0.0909 “n
M=| -05000 1.0000 O

0.0909 0  1.0000

which can be verified through Egs. (27-30) to be consistent with
the finite element-based Craig-Bampton CMS method when the
boundary DOF is defined as ¢, and all fixed-interface modes are
retained. This example was designed strictly to illustrate the present
procedure and thus did not consider the effects of noise or modal
truncation in the system identification. In the following example,
these effects are considered for a more generalized structure.

B. 36-DOF Planar Truss Example

A second numerical example, shown in Fig, 2, is of a 36-DOF
planar truss. Using 18 accelerometers, denoted y1 through y18 in
the figure, together with three force inputs, the minimal-order mass
and stiffness can be determined. To realistically simulate the cor-
rupting effects of noise, filtering, digital sampling, and truncation of
the modal spectrum, a virtual test simulator was utilized. The sim-
ulator estimates the impulse response for each input-output pairing
by estimating the frequency response functions in the frequency do-
main through ensemble averaging. Using a uniform random force
input signal for 25% of the ensemble window 10 ensembles are
computed. The digital input signal is prefiltered before the analog
conversion. Then the ensembles in series are applied to the contin-
uous equations of motion and the outputs compuied. Finally, both
inputs and outputs are filtered at 80% of the Nyquist frequency and
1% noise added before digital sampling and storage. The sampling
frequency for this example is 1000 Hz and the number of samples
per ensemble is 8192. The detailed virtual simulation introduces
important realism to the structural identification problem; the asso-
ciated coherence functions of the estimated transfer functions are
remarkably similar to those obtained in modal testing.

The system identification utilizes an efficient form of ERA!® to
determine pole information, followed by a mode discrimination pro-
cess, and finally a frequency domain curve fit'* to. determine the
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Fig.2 Planar truss example, 36 DOF.
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Fig.3 Simulated data and identified model for planar truss.

mode shapes and estimate of the residual flexibility for the mea-
sured FRFs. An example of the simulated data and the resultant
system identification is shown in Fig. 3. Then, using normal modal
properties as determined using the CBSI algorithm, together with
the available residual flexibility terms, the reduced-order stiffness
was found and is illustrated in Fig. 4. The minimal-order mass and
stiffness matrices are then shown in Figs. 5 and 6. The convergence
of the lowest eigenvalues of the measured stiffness as a function of
the number of identified modes is illustrated in Fig. 7. The stiffness
converges from a high value because it is defined as the inverse of the
system flexibility at the measured degrees of freedom. Thus, when
no modes are measured, the flexibility is zero, and the stiffness ap-
proaches infinity. Then, as each mode contributes flexibility to the
structure, the system stiffness converges to its asymptotic form, the
statically-condensed stiffness.

In Fig. 8, effective element stiffnesses in line between longitudi-
nal sensors are contrasted using three sensor pairs. Each stiffness is
effectively that of two longerons in series, plus some influence of
the surrounding structure. The legend lists the sensor identification
numbers from Fig. 2 which are used as the degrees of freedom of the
longeron superelements. The stiffnesses are found by using only the
two sensor degrees of freedom in the reduced stiffness computation,
then taking the negative off-diagonal term of the 2 x 2 reduced ele-
ment stiffness matrix as the value of the stiffness coupling between
the two degrees of freedom. Although the elemental stiffnesses ap-
parently converge quite well as a function of the model order, they
are in error when compared to stiffnesses obtained from the known
mechanical properties. The mean theoretical superelement stiffness
for the three given sensor pairs is approximately 3.5 x 10* Ib/in. The
difference between the converged stiffness values identified from the
data and the values known from the numerical example are due to
the effects of modal truncation.
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Fig. 6 Minimal-order measured mass of planar truss.
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Fig. 8 Convergence of reduced element stiffnesses in planar truss.

C. Application to Experimental Data: Model Update and Damage
Detection Experiment Modal Test

The methods described herein have also been applied to modal
parameters derived from modal testing on the model update and
damage detection experiment (MUDDE) testbed at the McDonnell
Douglas Structural Dynamics and Controls Laboratory (SDCL) lo-
cated at the University of Colorado, Boulder. The MUDDE structure
isa 1/10 scale model of an eight-bay suspended segment of the Space
Station Freedom truss structure, illustrated in Fig. 9. The testing was
performed in the McDonnell-Douglas Aerospace Structural Dynam-
ics and Controls Laboratory at the University of Colorado-Boulder.
As part of research effort focusing on damage detection of space
structures, transfer functions were obtained for three input forcing
locations and 111 accelerometer outputs, using 30 trials to mini-
mize the influence of noise. A fast version of the ERA algorithm'?
implemented on an IBM RS-6000 workstation was used to deter-
mine an approximate 500 state discrete-time realization for the 333
transfer functions. Each trial was sampled at 500 Hz for 16 s. From
247 complex-paired first-order poles plus six real first-order poles,
182 second-order mass-normalized modes were estimated by a vari-
ant of the CBSI algorithm. Approximate collocation of three output
measurements to the three force inputs was used to appropriately
scale the identified mode shapes. _

In Fig. 10, a mesh plot of the calculated reduced stiffness X
from the test data is shown. The stiffness matrix has an apparent

N\
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//Zl\/

Fig. 9 MUDDE structure at the McDonnell Douglas Structural Dy-
namics and Controls Laboratory, University of Colorado, Boulder.

Fig. 10 Reduced measured stiffness matrix from MUDDE test.

diagonally-dominant topology, which is not imposed by the formula
but presumably arises because of the numbering convention of the
sensors (adjacent sensor number implied close physical proximity)
and the mechanics of the structural design. The agreement of the
measured stiffness connectivity with theory suggest that the approx-
imate sensor to actuator collocation was sufficient to obtain a rea-
sonable measure of the mass normalization of the modes. Minimum-
order matrices were also successfully determined for the test data,
as the number of identified modes exceeds the number of measured
DOF by 71. Thus, it was determined that AQ had 71 nonzero singu-
lar values, and K and M were calculated, resulting in 71 real residual
eigenvalues in €2, and the 111 x 71 mass coupling matrix M,.
Because of computational restrictions, the convergence of the
measured stiffness as a function of model order was not obtained.
Instead, the CBSI-estimated normal modes were ordered by their
modal singular values (MSV),!* which is a measure of the modal
contribution to the measured response. Modes with high MSVs will
typically converge to stable modal parameters at relatively lower
model orders. Using pairs of longitudinal direction sensors, the con-
vergence of the measured stiffnesses of all 32 longeron members as
a function of the number of participating modes is shown in Fig. 11.
This is done in a manner equivalent to that of Fig. 8. The trend is
generally similar to the numerical example, except that the modes
are ordered from high to low MSV, so the modes added later on
are more poorly identified (in general). This is not a problem if
the flexibility contribution from that mode is relatively small. Low-
frequency modes with low MSV values, on the other hand, can be
problematic as seen in Fig. 11. The significant drop in the stiff-
nesses of four longeron elements seen around 120-130 modes is
due to the addition of flexibility from mode 2. This mode has not
only a low MSV and low frequency (relative to the overall modal
spectrum), but also possesses a low modal phase collinearity'® (in-
dicating mode shape complexity and sensitivity to the mode shape
estimation problem) and a low relative modal displacement at the
driving points (which can affect the accuracy of the driving point
modal scaling employed in this procedure). Therefore, given the low
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Fig. 11 Convergence of longeron stiffness for MUDDE truss modal
test.

confidence in this modal contribution, the final undamped longeron
stiffnesses were computed without including mode 2. These final
stiffnesses are highlighted at the right-hand edge of Fig. 11.

V1. Conclusions

A generalized solution to the inverse vibration problem is pre-
sented for systems with arbitrarily small numbers of discrete physi-
cal sensors and arbitrarily large numbers of inherent natural modes.
A condensation solution results in reduced physical matrices which
possess asymptotic equivalence to the Guyan method for finite el-
ement model reduction. An equivalent minimum-order solution is
obtained by augmenting the physical variable basis with general-
ized coordinates, resulting in a model which possesses the same
topological properties as that obtained by the Craig-Bampton com-
ponent mode synthesis method for dynamic finite element models.
The resultant solutions have been applied successfully to numerical
examples and experimental data.

The equivalent expression of modal properties through physi-
cal bases enables the efficient manipulation of such parameters to
account for physical considerations such as substructure matrix as-
sembly and boundary condition sensitivity, structural element dam-
age detection, and model reduction for control using FEM-based
methods. We plan to explore these applications in the near future.
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